Abstract. We present several characterizations of Kadec-Klee properties in symmetric function spaces on the half-line, based on the K-functional of J. Peetre. In addition to the usual Kadec-Klee property, we study those symmetric spaces for which sequential convergence in measure (respectively, local convergence in measure) on the unit sphere coincides with norm convergence.
Introduction
If (E, · E ) is a normed linear space, then E is said to have the Kadec-Klee property (sometimes called the Radon-Riesz property, or property (H)) if and only if sequential weak convergence on the unit sphere coincides with norm convergence. As is well known, this property was first studied by J. Radon [Ra] and subsequently by F. Riesz [Ri1] , [Ri2] who showed that the classical L p -spaces, 1 < p < ∞, have the Kadec-Klee property. Although the space L 1 [0, 1] (with Lebesgue measure) fails to have the Kadec-Klee property, Riesz showed that each of the L p -spaces, 1 ≤ p < ∞, has the property that each sequence on the unit sphere that converges almost everywhere converges also in norm.
In this paper, we study properties of Kadec-Klee type in the setting of symmetric (rearrangement-invariant) spaces E on the positive half-line in which sequential weak convergence is replaced by convergence in some natural linear space topology on E. In addition to the usual weak topology, we consider the weak topology induced on E by the ideal Λ ∞ = L 1 ∩L ∞ (which coincides with the weak topology if E has separable dual, and with the weak * -topology if E is the dual of some separable symmetric space) as well as the linear topologies of convergence in measure and local convergence in measure. Each of these linear topologies plays a natural and important role in the study of symmetric spaces. For example, it has been shown by Sedaev [Se1] , [Se2] that each separable symmetric space on the positive half-line has an equivalent symmetric norm for which sequential σ(E, Λ ∞ ) convergence on the unit sphere coincides with norm convergence. This is to be compared with the well-known renorming theorem of Kadec [Ka1] that each separable Banach space admits an equivalent locally uniformly convex norm, and therefore has the Kadec-Klee property for some equivalent (Banach space) norm. The analogue and appropriate strengthening of the Kadec renorming theorem in the setting of general Banach lattices with order continuous norm has been given in [DGL] , where it is also L 1 + L ∞ with the usual norms. The continuous embeddings Λ ∞ ⊂ E ⊂ Λ 1 hold for each symmetric space E. We will denote by E the symmetric space associated with E . The space E consists of all measurable functions y for which y E := sup{ ∞ 0 x(t)y(t)dt : x ∈ E, x E ≤ 1} < ∞.
If E * denotes the Banach dual of E, it is known that E ⊂ E * and E = E * if and only if the norm · E is order-continuous, i.e. from {x n } ⊆ E, x n ↓ n 0, it follows that x n E → 0. We note that the norm · E on the symmetric space E is ordercontinuous if and only if E is separable, in which case x * (∞) = lim t→∞ x * (t) = 0 for all x ∈ E.
We consider on Λ 1 the pre-order generated by the K-functional of J. Peetre:
x ≺≺ y ⇐⇒ It is well known (see, for example, [KPS] ) that (E, · E ) is an interpolation space for the pair (L 1 , L ∞ ), with interpolation constant 1, if and only if x ≺≺ y, y ∈ E, implies x ∈ E and x E ≤ y E . In particular, this is the case if the norm of the symmetric space E is order-continuous. We recall that the symmetric space (E, · E ) is said to have the Kadec-Klee property if and only if
x ∈ E, {x n } ⊆ E, x n → x σ(E, E * ),
If σ(E, E * )-convergence is replaced by σ(E, Λ ∞ )-convergence (respectively, convergence in measure, convergence in measure on every set of finite measure), then the symmetric space (E, · E ) is said to have the Kadec-Klee property with respect to Λ ∞ (respectively, convergence in measure, local convergence in measure) . Proposition 1.1. If the symmetric space (E, · E ) has either the Kadec-Klee property or the Kadec-Klee property for local convergence in measure, then E is separable.
Proof. If E is not separable, then E does not have order-continuous norm. It follows from [KA] , Chapter 10, §4, that there exists a pairwise disjoint sequence {z n } ⊆ E such that 0 ≤ z n and z n E = 1, n = 1, 2, . . . and x = ∞ n=1 z n ∈ E. For f ∈ E * we have ∞ n=1 |f |(z n ) ≤ |f|(x), hence |f (z n )| ≤ |f|(z n ) → 0. Therefore, the sequence {z n } converges to 0 weakly; it is clear also that {z n } converges to 0 locally in measure. If we set x n = x − 2z n , n = 1, 2, . . . , then the sequence {x n } converges to x both weakly and locally in measure. Since x * n = x * , it follows that x n E = x E for all n = 1, 2, . . . , and therefore, by either assumption, it follows that x n − x E → 0. However,
and this is a contradiction.
The preceding proposition does not hold if local convergence in measure is replaced by convergence in measure. This is a consequence of the following proposition which implies that any Lorentz space, separable or not, has the Kadec-Klee property for convergence in measure. We first introduce some necessary notation. Denote by Φ the set of concave increasing functions φ on [0, α) for which φ(0) = 0 = φ(0+). We note that each function φ ∈ Φ is absolutely continuous and φ(t) = t 0 φ (s)ds for all t > 0. Consequently, it is clear that for φ, ψ ∈ Φ the inequality φ(t) ≤ ψ(t), t > 0, holds if and only if φ ≺≺ ψ . For every φ ∈ Φ, we consider the Lorentz space (Λ φ , · Λ φ ) consisting of all x ∈ Λ 1 for which
The symmetric space associated with Λ φ is the Marcinkiewicz space M φ consisting of all x ∈ Λ 1 for which
We remark that if α < ∞, then Λ φ has order-continuous norm and so is separable. On the other hand, if α = ∞, then Λ φ is separable if and only if φ(∞) = lim t→∞ φ(t) = ∞. We will need the following result, which is of interest in its own right.
Proposition 1.2. If x ∈ Λ φ , {y n } ⊆ Λ φ , and if {y n } converges to 0 in measure, then
Proof. Using [KPS] , Theorem II.3.1, we have that
Thus we have
If φ(∞) = ∞, then fixing > 0 and using the order continuity of the norm · Λ φ , choose δ ∈ (0, 1) such that 2
Since y n converges to zero in measure, we have y * n (t) → 0 for any t > 0. Hence {y * n } converges to zero uniformly on [δ, δ −1 ], and so , there exists a natural number n 0 such that 2
for n ≥ n 0 . Therefore, γ(n, δ) < for n ≥ n 0 , so the assertion of the lemma is true for separable spaces Λ φ . Assume now that φ(∞) < ∞. Passing to a subsequence if necessary, we may assume that δ n = m( χ An ) → 0, where
and so
Observing that z * n = z * n χ [0,δn ) , and again using [KPS] , Theorem II.3.1, we have also that
.
Corollary 1.3. For any φ ∈ Φ, the Lorentz space (Λ φ , · Λ φ ) has the Kadec-Klee property for convergence in measure.
As one application of Corollary 1.3, we give the following characterization of norm convergence in an arbitrary Lorentz space. [0, α) , and if x ∈ Λ φ , {x n } ⊆ Λ φ , then the following statements are equivalent.
Corollary 1.4. If Λ φ is an arbitrary Lorentz space on
(ii) {x n } converges to x in measure and for the weak topology σ(Λ φ , Λ φ ).
Proof. It is clear that only the implication (ii) ⇒ (i) requires proof. We suppose first that lim t→∞ φ(t) = ∞, so that Λ φ is separable. Assume that {x n } ⊆ Λ φ converges to x ∈ Λ φ both weakly and in measure. It follows from [Fr] , Corollary 29 and from Smulian's theorem ( [Gr] , Chapter 5, Corollary 3.1.2) there exists a subsequence {z n } ⊆ {x n } and z ∈ Λ φ such that {z * n } converges to z for the weak topology σ(Λ φ , Λ ∞ ). Let 0 < τ < t < α. Since {x n } converges to x in measure, it follows that {z * n } converges locally in measure to x * , and so the sequence {z * n } is uniformly bounded on [τ, t) . It follows that holds for all τ, t ∈ (0, α) with τ < t. This implies that x * = z, and since this argument applies equally to any subsequence of the sequence {x * n }, it follows that {x * n } converges weakly to x * . Since φ ∈ Λ φ , it follows that
It now follows from Corollary 1.3 that x n − x Λ φ → 0.
We now assume that lim t→∞ φ(t) < ∞. Although Λ φ is not separable, observe that the space
is separable for any measurable subset e ⊆ [0, ∞) of finite measure. Let x ∈ Λ φ , {x n } ⊆ Λ φ and assume that x n → x both in measure and for the weak topology σ(Λ φ , Λ φ ). If we set y n = x n −x, n ≥ 1, it suffices to show that y n Λ φ → 0. Passing to a subsequence if necessary, we may assume that
It follows that
To complete the proof, it suffices to show that
For each n ≥ 1, let e n be a measurable subset of [0, ∞) for which
It is clear that y n χ en → 0 in measure. We prove also that y n χ
The first integral on the right-hand side tends to 0 by assumption, and since f ∈ L 1 and |y n χ
−n , n ≥ 1, it follows also that the second integral on the right tends to 0. Consequently, the sequence {y n χ en } converges to zero both in measure and for the weak topology σ(Λ φ , Λ φ ) and the desired conclusion that y n Λ φ → 0 now follows from the first part of the proof applied to the space Λ φ (e), where e := ∞ n=1 e n . In the case of L 1 -spaces, it is well-known that "convergence in measure" can be replaced by "local convergence in measure" in the statement of assertion (ii) of the preceding Corollary 1.4. See, for example, [Gr] , Proposition 4.1.2 of Chapter 5. It is therefore of interest to note that this is not the case for general separable Lorentz spaces. In fact, suppose that the Lorentz function φ satisfies the condition lim t→∞ φ(t)/t = 0 and set x n = χ [n,n+1) , n = 1, 2, . . . . It is not difficult to see that the sequence {x n } converges to 0 both weakly and locally in measure, but does not converge to 0 in Λ φ .
One further immediate consequence of Proposition 1.1 is that if the symmetric space E on [0, α) has the Kadec-Klee property with respect to Λ ∞ , then E is necessarily separable. The renorming theorem which follows is due to Sedaev [Se1] , [Se2] . See also [DGL] . 
Proof. The implication (ii) ⇒ (i) is a simple consequence of Theorem 1.5. The implication (i)⇒(ii) follows from the rearrangement inequalities ( [KPS] , Theorem II 3.1)
and the symmetry of the norm on E. The implication (i)⇒(iii) follows similarly. Finally, the implication (iii)⇒ (i) has been established in [CS1] .
has the Kadec-Klee property with respect to Λ ∞ , then (E, · E ) has the Kadec-Klee property for convergence in measure.
Proof. We suppose that x ∈ E, {x n } ⊆ E, that x n → x in measure and that
Since
On the other hand, by Proposition 1.2, it follows that
Consequently, x n Λ φ → x Λ φ and Corollary 1.3 now implies that x n −x Λ φ → 0. Via the embedding Λ ∞ ⊆ Λ φ , it follows that {x n } converges to x pointwise on Λ ∞ . The stated assumption on E now immediately implies that x n − x E → 0 and this completes the proof of the proposition. 
The preceding lemma follows immediately from [DDDLS] , Proposition 2.1.
Strictly K-monotone symmetric norms
In this section, we characterize the Kadec-Klee property with respect to Λ ∞ in terms of the Kadec-Klee property for convergence in measure (respectively, local convergence in measure) and certain key properties that link the K-functional to the metric geometry. We first make the following basic definitions. Let (E, · E ) be a symmetric space on ([0, α), m). The norm · E on E is said to be strictly K-monotone if and only if
The norm · E on E is said to be locally uniformly strictly K-monotone if and only if
has the Kadec-Klee property, then the norm on E is strictly K-monotone.
Proof. We suppose that x, y ∈ E, that x = x * , y = y * , x ≺≺ y and that x = y. If
Let φ be the smallest member of Φ for which φ ≤ φ and φ(τ ) + = φ(τ).
The graph of the function φ is the boundary of the convex hull of the set
For some β > 0, the function φ is affine on the intervals (τ − β, τ) and (τ, τ + β); in addition, the slope of the function φ on the first interval is strictly greater than that on the second interval. The function p(t) = φ (t) is constant on the same intervals and
and letφ
there exists β > 0 such that the inequality φ(t) ≤φ β (t) holds for all t > 0, and with this choice of β it follows that x ≺≺ q ≺≺ p ≺≺ y. Let
otherwise, be the Rademacher functions transferred to I β , and let q n = q + δz n , n = 1, 2, . . . . It is easy to see that q * n = p and, therefore, x ≺≺ q ≺≺ q n ≺≺ y, n = 1, 2, . . . . Since {z n } converges to 0 weakly, it follows that {q n } converges to q weakly. If x E = y E , then q n E = q E for all n = 1, 2, . . . and so, since E has the KadecKlee property, it follows that q n − q E → 0. This is impossible, since q n − q E = δ χ I β E > 0, and this suffices to complete the proof of the proposition.
We remark that it will be shown in Theorem 2.11 below that for separable Lorentz spaces, the Kadec-Klee property is in fact equivalent to strict K-monotonicity of the norm. Before proceeding, we need some additional notation. Let E be a separable symmetric space on ([0, α), m) . If x = x * ∈ E, and if , τ > 0, we denote by W (x, τ, ) the set of all y ∈ E for which y = y * , x ≺≺ y and
Proof. We define ψ to be the function φ constructed in the previous proof. Let z = ψ .
We will frequently use the following simple fact.
Lemma 2.3. In a separated topological vector space, a sequence {x n } converges to x if and only if each subsequence {y n } ⊆ {x n } contains a subsequence {z n } converging to x.
Using Helly's principle and passing to a subsequence and relabelling if necessary, we may assume that the sequence {x * n } converges to some non-increasing function z almost everywhere on [0, α). Via Lemma 2.3, it suffices to show that z = x * . Since The last inequality implies in particular that y = x, and so strict K-monotonicity of the norm on E implies that
and this contradicts the assumption that x n E → x E . This completes the proof of the proposition.
, then there exists a subsequence {z n } ⊆ {x n } and a sequence {y n } ⊆ E such that y n E → 0 and
Multiplying by a unimodular function if necessary, we may assume that x ≥ 0. We set
and hence χ
Mn ∈ E for all n = 1, 2, . . . . We consider only those n for which β n = χ Mn E = 0. Set
where [·] denotes the usual integer part function. For each n = 1, 2, . . . , let
and set e
. We consider the averaging operators
it follows from the order continuity of the norm on E that
Using the fact that P n x − x E → 0, it follows that there exists a subsequence {z n } ⊆ {x n } such that P n z n − x E → 0. If we set
, Chapter II, (3.11)), we obtain that
and this suffices to establish the assertion of the lemma.
Proof. By Lemma 2.5, there exists a subsequence {z n } ⊆ {x n } and a sequence {y n } ⊆ E such that
Consequently, Proposition 2.4 implies that the sequence {z * n + y * n } converges to x * in measure. Since y n E → 0, it follows also that {z * n } converges to x * in measure. Since the preceding argument applies equally to any subsequence of the sequence {x n }, it now follows that {x * n } converges to x * in measure.
We now state the principal result of this section. Proof. We prove first the equivalences (i) ⇐⇒ (ii) ⇐⇒ (iv). The implication (i) ⇒ (ii) is an immediate consequence of Propositions 1.7, 2.1 while the implication (ii) ⇒ (iv) follows from Proposition 2.4. To show the implication (iv)⇒(i), let x ∈ E, {x n } ⊆ E and assume that x n → x σ(E, Λ ∞ ) and x n E → x E . By Lemma 2.5, there exists a subsequence {z n } ⊆ {x n } and a sequence {y n } ⊆ E such that
Since the norm on E is locally uniformly strictly K-monotone, it follows that z * n + y * n − x * E → 0 and so also z * n − x * E → 0. Since the preceding argument applies equally to any subsequence of the sequence {x n }, Lemma 2.3 now implies that
To show the implication (ii)⇒(iii), it is clear that we may take α to be ∞, otherwise there is nothing to prove. Let x ∈ E, {x n } ⊆ E and assume that x n → x locally in measure and that x n E → x E = 1. It suffices to prove that the sequence {x n } contains some subsequence converging in E to x. By passing to a subsequence and relabelling if necessary, it follows from Lemma 1.8 that there exist measurable subsets e n ⊆ [0, ∞) , n ≥ 1, of finite measure such that χ en → 1 locally in measure and
If we set y n = x n χ fn for all n ≥ 1, then it suffices to show that y n E → 0. If this is not so, then it follows that {y n } does not converge to zero in measure, since E has the Kadec-Klee property for convergence in measure, by condition (ii), and x n χ en → x in measure. Consequently, passing to subsequences, there exists a positive number > 0 and measurable subsets f n ⊆ f n , n ≥ 1, such that m(f n ) = and |y n | χ
then |v n |≤|x n | for all n ≥ 1 and v n →x locally in measure. By lower-semicontinuity of the norm on E for local convergence in measure, it follows that v n E → x E . We now set
. . , this yields a contradiction and the proof of the theorem is complete.
We remark immediately that if φ ∈ Φ is strictly concave with φ(∞) < ∞, then the Lorentz space (Λ φ , · φ ) has strictly K-monotone norm (see Theorem 2.11 below), has the Kadec-Klee property for convergence in measure, by Corollary 1.3, and so satisfies the assertion of statement (ii) of the preceding Theorem 2.7. However, since the norm in this case is not order-continuous, it follows that (Λ φ , · φ ) does not have the Kadec-Klee property with respect to Λ ∞ . Consequently, the implication (ii)⇒(i) does not remain valid if the assumption that E be separable is omitted. We observe next that the two properties given in statement (ii) of Theorem 2.7 above are in fact independent. The space L 1 [0, 1] with its usual norm has the Kadec-Klee property for convergence in measure, but it is easily seen that the usual norm on L 1 [0, 1] is not strictly K-monotone. We now present an example of a separable symmetric space on ([0, 1), m) with strictly K-monotone norm but which does not have the Kadec-Klee property for convergence in measure.
Example 2.8. Let δ > 0 and let φ 1 , φ 2 be strictly concave functions from Φ such that φ 2 (1) > φ 1 (1) + δ and lim t→0 φ2(t) φ1(t) = 0. We set E = Λ φ1 ∩ Λ φ2 with norm given by · E = max{ · Λ φ 1 , · Λ φ 2 }. It follows from the strict concavity of φ 1 , φ 2 that the norm on E is strictly K-monotone. To show that (E, · E ) does not have the Kadec-Klee property for convergence in measure, we set x = χ [0, 1] and define
It is clear that the sequence {x n } converges to x in measure and
However, since x n − x E = δ > 0 for n > 1, it follows that (E, · E ) does not have the Kadec-Klee property for convergence in measure.
By combining Theorem 1.5 and Theorem 2.7, we obtain immediately the following consequence. We mention finally that the implication (ii)⇒(iii) of Theorem 2.7 may fail if the norm on the symmetric space E is not strictly K-monotone. By way of example, we consider the symmetric space E which is the · Λ 1 -closure of Λ ∞ in Λ 1 . It is clear that E is separable, and Corollary 1.3 implies that E has the Kadec-Klee property for convergence in measure. To see that E does not have the KadecKlee property for local convergence in measure, we let x = χ [0, 1) , and set x n = x + χ [n,n+1) , n = 1, 2, . . . . It is clear that the sequence {x n } converges locally in measure to x. Further,
However, since
, n = 1, 2, . . . it follows that {x n } is not · E -convergent to x and so E fails to have the KadecKlee property for local convergence in measure. Of course, in this example it is easy to see that the space E fails to have strictly K-monotone norm. We now characterize the Kadec-Klee property in separable Lorentz spaces in terms of the rearrangement-invariant structure. Proof. It suffices via Proposition 2.1, to show that strict K-monotonicity of the norm · on E implies that E has the Kadec-Klee property. Assume then that the norm · on Λ φ is strictly K-monotone and suppose that {x n } ⊆ Λ φ is σ(Λ φ , Λ φ )-convergent to x ∈ Λ φ and x n → x . From Lemma 2.6, it follows that {x * n } converges to x * in measure. The same argument as given in the proof of Corollary 1.4 shows that x * n Λ φ → x * Λ φ and so it follows from Corollary 1.3 that
The assertion of the theorem now follows from Corollary 1.6.
We remark that the Kadec-Klee property does not coincide with the Kadec-Klee property with respect to Λ ∞ , even in the class of separable symmetric spaces with strictly K-monotone norm. Indeed, it is not possible to replace assertion (ii) in the preceding theorem by the assertion that (Λ φ , · ) has the Kadec-Klee property with respect to Λ ∞ . In fact, the space E of Example 2.8 coincides as a set with the Lorentz space Λ φ 1 , the norms · E and · Λ φ 1 are equivalent and the norm · E is strictly K-monotone. It follows from Theorem 2.10 that (E, · E ) has the Kadec-Klee property. As seen above, the space (E, · E ) does not have the Kadec-Klee property for convergence in measure, and so, by Theorem 2.7, the space (E, · E ) does not have the Kadec-Klee property with respect to Λ ∞ . In contrast, we now show for separable Lorentz spaces (Λ φ , · Λ φ ), that strict K-monotonicity (i) φ is strictly concave.
) has the Kadec-Klee property with respect to
) has the Kadec-Klee property.
Proof. The equivalences (ii) ⇐⇒ (iii) ⇐⇒ (iv) follow from Theorem 2.7 and Corollary 1.3. The equivalence (ii) ⇐⇒ (v) is a special case of Theorem 2.10. The equivalence (i) ⇐⇒ (iv) has been proved by Sedaev [Se1] in the case that α < ∞. It follows immediately that the equivalence (i) ⇐⇒ (ii) also holds if α < ∞. If the norm · Λ φ is strictly K-monotone, it now follows that the restriction of φ to every finite interval is strictly concave and this suffices to establish the implication (ii)⇒(i). We show now the implication (i)⇒(ii).
Let x = x * , y = y * ∈ Λ φ and suppose that x ≺≺ y, and that x * = y * . We set
It is clear that 0 ≤ u ≤ v and that there exists t 0 ∈ [0, α) such that u(t 0 ) < v(t 0 ). Since u and v are continuous, there exists
, for some > 0. Also, since φ is strictly concave, −φ is strictly increasing. Via integration by parts, for all b ∈ (t 1 , α),
Letting b → α, we see that
This suffices to complete the proof of the implication (i)⇒(ii) .
As noted after the proof of Theorem 2.7, the above proof (which is due to the referee) also establishes (i) ⇒ (ii) in the nonseparable case. We remark that the equivalences (ii) ⇐⇒ (iv) ⇐⇒ (v) hold also for separable Orlicz spaces on the interval [0, 1) equipped with the Luxemburg norm. A proof of this result, also based on Theorem 2.7, is given in [MS] , Theorem 3.
Strictly monotone symmetric norms
In this section, we present a characterization of the Kadec-Klee property for convergence in measure via a monotonicity condition which relates the natural order structure of a symmetric space with its metric structure. The relevant definitions follow. Let (E, · E ) be a symmetric space on ([0, α), m). The norm · E on E is said to be strictly monotone if and only if
The norm · E on E is said to be locally uniformly strictly monotone if and only if
It is not without interest to observe that local uniform strict monotonicity of the norm on E is in fact equivalent to the following property, which is a local version of a uniform monotonicity condition introduced by Birkhoff [Bi] : for all > 0 and 0 ≤ x ∈ E, there exists δ E (x, ) > 0 such that for all 0 ≤ y ∈ E, whenever x + y E ≤ 1 + δ E (x, ), it follows that y E < .
Let us observe that if x, y ∈ E, 0 ≤ x ≤ y, x = y and y * (∞) = 0, then 0 ≤ x * ≤ y * and x * = y * . It follows that if E is separable, then E has strictly monotone norm if and only if
We shall use this remark without further reference. The uniform version is somewhat less trivial and is the equivalence of statements (ii), (iii) of Theorem 3.2 below. We shall need some further notation. If y ∈ Λ 1 [0, ∞) and if τ > 0, we set
To smoothen the presentation of the main result of this section, we require the following preliminary result.
Proof. Let t > 0 and let T ⊆ [0, ∞) be measurable with m(T ) = t. We set 
x(s)ds
Since m(Q ∪ T 3 ) = t it follows that
and this suffices to complete the proof since
The principal result of this section now follows. (i) The norm · E on E is strictly monotone and (E, · E ) has the Kadec-Klee property for convergence in measure. (ii) The norm · E on E is locally uniformly strictly monotone. a separable symmetric space on ([0, ∞), m) , then each of the preceding statements is equivalent to (iv) E has the Kadec-Klee property for local convergence in measure.
Proof. Throughout we will assume α = ∞, since the argument in this case contains that for the case that α < ∞.
(i)⇒(iii) Suppose that x, x n ∈ E, that x * ≤ x * n , n = 1, 2, . . . and that x n E → x E . As in the proof of Proposition 2.4, we may apply the Helly selection principle, and by passing to a subsequence and relabelling if necessary, we may assume that the sequence {x * n } converges pointwise to some non-increasing function z with z ≥ x * . Lower-semicontinuity of the norm for pointwise convergence implies that z E = x E and strict monotonicity of the norm then implies that z = x * . Since x * (∞) = 0, it follows that the sequence {x * n } converges to x * in measure, and the assumption that E has the Kadec-Klee property for convergence in measure now implies that
It follows immediately from the assertion of (iii) that if x, y ∈ E, x * ≤ y * and x E = y E , then y * = x * and so the norm on E is strictly monotone. Now suppose that x ∈ E, {x n } ⊆ E, that {x n } converges to x in measure and that x n E → x E . Since {x * n } converges to x * m-almost everywhere (see [KPS] , Chapter II, 2.11), it follows that
Consequently, by order-continuity of the norm on E, it follows that
The inequalities
→ 0 and combining this with (3.1), it follows also that x * n − x * E → 0. That E has the Kadec-Klee property for convergence in measure now follows from the implication (iii)⇒(i) of Corollary 1.6.
The implication (ii)⇒(iii) is trivial.
(iii)⇒(ii). We suppose then that x, x n ∈ E, that 0 ≤ x ≤ x n , n = 1, 2, . . . and that x n E → x E . It follows that 0 ≤ x * ≤ x * n , n = 1, 2, . . . and that x * n E → x * E , and (ii) implies that x * n − x * E → 0. Via Corollary 1.6(iii), it suffices to show that {x n } converges to x in measure. If this is not the case, then passing to a subsequence and relabelling if necessary, we may assume that there exist positive numbers , δ with 0 < δ < < 1 such that m({x n > x + 2 }) > 2δ, n = 1, 2, . . . .
Since x
* (∞) = 0, there exists γ > 1 such that
Let 0 ≤ y ∈ E be a (countably-valued ) simple function such that 0 ≤ z = y − x ≤ (2γ) −1 δ. There exists a measure preserving isomorphism π from [0, α) onto [0, α) such that y * = y • π. We set T w = w • π, w ∈ E and
It is clear that m(e n ) > 2δ and so for each n = 1, 2, . . .
Using Lemma 16 of [Fr] , we obtain that
Consequently, it follows that
and this contradicts the fact that x * n − x * E → 0. This proves the implication (iii)⇒(ii), and suffices to prove the assertion of (a).
(iv)⇒(i). We assume that E has the Kadec-Klee property for local convergence in measure. It clearly suffices to show that the norm on E is strictly monotone. We suppose that x = x * , y = y * ∈ E, that x * ≤ y * , x * = y * and that x E = y E . We suppose that t 0 > 0 is such that x * (t 0 ) < y * (t 0 ). We let N := [t 0 + 1] and set
It is clear that y *
If we set z := y 1 − x , then it is clear that z is supported by the interval [0, N). By Lemma 3.1, it follows that
for all n > N where
for all n = 1, 2, . . . . It is clear that the sequence {x + z n } converges to x locally in measure. By separability of E (see Proposition 1.1), it follows that
Since (E, · E ) has the Kadec-Klee property for local convergence in measure, it follows that z n E → 0. Since z E = z n E , it follows also that z = 0. This implies that x = y, contrary to assumption, and completes the proof of the implication (iv)⇒(i).
To complete the proof of the theorem, it will suffice to prove the implication (ii)⇒(iv). We assume then that the norm on E is locally uniformly strictly monotone. Let x ∈ E, x E = 1, and suppose that {x n } ⊆ E satisfies x n E → 1 and x n → x (lcm). By Lemma 1.8 and passing to a subsequence if necessary, there exist measurable subsets e n ⊆ [0, ∞) , n ≥ 1, of finite measure such that χ en −→ 1 locally in measure and
If we set y n = x n χ fn for all n ≥ 1, then it suffices to show that y n E → 0. If this is not so, then it follows that {y n } does not converge to zero in measure, since E has the Kadec-Klee property for convergence in measure by the implication (ii)⇒(i) and x n χ en → x in measure. Consequently, there exists a positive number > 0 and measurable subsets f n ⊆ f n , n ≥ 1, such that m(f n ) = and |y n | χ
It is clear that 0 ≤ |x| ≤ v n , n ≥ 1. From the inequalities
it follows also that v n E → 1. By local uniform strict monotonicity of the norm on E, it now follows that v n − |x| E → 0, but by arguing similarly to the proof of 2.7 (ii)⇒(iii), it can be seen that this is not the case. This suffices to complete the proof of the theorem.
The authors wish to thank the referee for pointing out a gap in the proof of the implication (iv)⇒(i) in the original version of this paper.
Let us observe that the two properties of assertion (i) of Theorem 3.2 are independent. In fact, if E is separable, then it is clear that if the norm on E is strictly K-monotone, then the norm on E is strictly monotone. Accordingly, Example 2.8 now yields an example of a separable symmetric space with strictly monotone norm but without the Kadec-Klee property for convergence in measure. On the other hand, if φ ∈ Φ and if φ = φ χ [0,γ) for some 0 < γ < α, then the Lorentz space (Λ φ , · Λ φ ) on [0, α) has the Kadec-Klee property for convergence in measure, by Corollary 1.3, but does not have strictly monotone norm. By contrast, any symmetric space on ([0, ∞), m) with the Kadec-Klee property for local convergence in measure does have strictly monotone norm (see [Ar] for the analogous result in the setting of symmetric sequence spaces). Proof. By Proposition 1.1, it suffices to show that if Λ φ is separable, then Λ φ has the Kadec-Klee property for local convergence in measure. Assume then that Λ φ is separable, so that φ(∞) = ∞ and let
→ 0. By Corollary 1.3, we have to check only that x * n − x * → 0 in measure. Set y n = x * n − x * , n ≥ 1. If y n → 0 in measure, then we may assume that there exists > 0 such that m({y n > }) > for all n ≥ 1. Set e n = {y n > }, n ≥ 1. Either (i) m(e n ∩ [0, t)) → 0 for every 0 < t for which x * (t) < /4 or (ii) there exists 0 < t 0 with x * (t 0 ) < /4 and δ > 0 such that m(e n ∩ [0, t 0 )) ≥ δ for infinitely many natural numbers n. We suppose first that (ii) holds and without loss of generality, we suppose that there exists t 0 > 0 with x * (t 0 ) < /4 and δ > 0 such that m(e n ∩ [0, t 0 )) ≥ δ for all n ≥ 1. We observe that Proof. It is easy to see that rotundity of the norm on E implies that the norm on E is strictly K-monotone and therefore strictly monotone. The equivalence of (i)-(v) then is an immediate consequence of Theorems 2.7, 3.2. The remaining assertions are proved exactly as in [Su] ,Theorem 1. For the sake of completeness, we indicate the details. We show first the implication (vi)⇒(iv). Let 0 ≤ x ≤ x n ∈ E, n = 1, 2, . . . and suppose that x n E → x E = 1. If we set y n = 2x − x n , n = 1, 2, . . . , then |y n | ≤ x n , n = 1, 2, . . . and the inequalities 2 − x n E ≤ y n E ≤ x n E , n = 1, 2, . . . , imply that y n E → 1. Since x n + y n = 2x, n = 1, 2, . . . , it follows from the assumed mid-point local uniform rotundity of E that x n −x E = 2 −1 x n − y n E → 0. We assume finally that E is the dual space of some separable symmetric space F on ([0, α), m), and prove the implication (i)⇒(vii). We suppose that x ∈ E, that {x n }, {y n } are sequences in E with x E = 1, x n E → 1, y n E → 1 and that the sequence {x n +y n } converges weakly to 2x. By separability of F , the unit ball of E is compact and metrizable for the σ(E, F ) topology. Consequently, there exist u, v ∈ E and subsequences {x n(k) } ⊆ {x n }, {y n(k) } ⊆ {y n } such that the sequences {x n(k) }, {y n(k) } are σ(E, F )-convergent to u, v respectively. It follows that 2x = u + v and so the assumption that the norm on E is rotund implies that u = v = x. Since E has the Kadec-Klee property with respect to Λ ∞ , it follows that x n(k) − x E → 0 and y n(k) −x E → 0 so that x n(k) −y n(k) E → 0. This suffices to complete the proof of the theorem.
The Banach space X is called locally uniformly convex if and only if whenever x ∈ X and {x n } is a sequence in X such that x X = 1, x n X → 1 and x+x n X → 2, it follows that x − x n X → 0. It is well known that local uniform convexity implies mid-point local uniform rotundity [Sm] . The example which follows (see also [Su] ) shows that the converse implication may fail for symmetric spaces which are rotund dual spaces. In particular, statement (vi) in the preceding Theorem 4.1 cannot be replaced by the assertion that E is locally uniformly convex, as is the case with Orlicz spaces equipped with the Luxemburg norm [MS] . 
It follows from [BS] , Theorem 5.13 that (Λ φ , · Λ φ ) embeds continuously with norm one into (L 2 [0, 1), · 2 ), and from this it follows that · E is equivalent to · Λ φ . It is not difficult to check that (E, · E ) is rotund. To show that the norm on E is locally uniformly strictly K-monotone, note that if x ≺≺ x n ∈ E, n = 1, 2, . . . , and x n E → x E , then also x n Λ φ → x Λ φ . From the strict concavity of φ and Theorem 2.11, it follows that x n − x Λ φ → 0, and therefore also x n − x E → 0. That E is a dual space follows from [KPS] , Theorem 5.4 of Chapter II. To show that (E, · E ) is not locally uniformly convex, set x = , n = 1, 2, . . . . It is straightforward to verify that x E = 1, that x n E → 1 and x + x n E → 2 but that x − x n E 0.
Finally, we give an example of a separable symmetric space which is rotund but which does not have the Kadec-Klee property. Since the unit sphere of M ψ consists of all x ∈ Λ 1 such that x ≺≺ ψ , it follows immediately that (M ψ , · M ψ ) embeds continuously with norm one into (L 2 [0, 1), · 2 ). We define (E, · E ) to be M , y n = n 1/3 χ [0,1/n) , x n = x + y n , n = 1, 2, . . . , then a straightforward computation shows that x n E → x E . Since y n 1 → 0 it follows that x n → x σ(E, Λ ∞ ) and since E * is isomorphic to the separable Lorentz space Λ ψ (see [KPS] , Theorem 5.4 of Chapter II), it follows also that {x n } converges to x weakly. However, We remark finally that the principal results of this paper continue to hold in the more general setting of symmetric spaces of measurable operators affiliated with a semi-finite non-atomic von Neumann algebra. While some of these results have been announced in [CS2] , the technical details are considerably more complicated and will appear elsewhere.
